We develop some new cases of the induced continuous ordered weighted averaging (ICOWA) operator and study their desirable properties, which are very suitable to deal with group decision making (GDM) with interval fuzzy preference relations. First, we present the consensus indicator ICOWA (CI-ICOWA) operator which uses the consensus indicator of the interval fuzzy preference as the order inducing variable in the ICOWA operator. Then the concept of compatibility degree (CD) for two interval fuzzy preference relations is defined based on the continuous ordered weighted averaging (COWA) operator and the compatibility degree ICOWA (CD-ICOWA) operator is proposed which uses the CD as the order inducing variable in the ICOWA operator. Next, we investigate some desirable properties of the CD-ICOWA operator. Additionally, we construct an optimization model to obtain the weights of experts by minimizing the compatibility degree in the GDM. Finally, an illustrative numerical example is used to verify the developed approaches.
Introduction
Group decision making (GDM) is a process that combines experts' preferences into an overall one by using a proper aggregation technique. Recently, the investigation on preference relations has received surprisingly extensive attention from practitioners and researchers due to its practical and academic significance, including multiplicative preference relation, 2, 8, 13, 29 fuzzy preference relation, 9, 14, 28, 54 linguistic preference relation 10, 11, 38, 43, 45 and the intuitionistic preference relation. 12, 48 Other preference relations can be found in Refs. 5, 31, 37, 39, 46, 49 and 64 . ‡ Corresponding author.
L.-G. Zhou et al. 580 Saaty 29 introduced the multiplicative preference relation and developed the eigenvector method to derive the priority vector. In Ref. 28 54 presented a least deviation method to obtain the priority vector of fuzzy preference relation. Moreover, Xu introduced the linguistic preference relation 43 and the intuitionistic preference relation. 48 However, experts may possible to provide only interval fuzzy preference relations 4, 41, 42, 47, 51, 72, 79 because of time pressure, lack of knowledge or data and their limited expertise related to the problem domain. Therefore, the interval fuzzy preference relation is one of very important preference relations in GDM. The important issues by using all kinds of preference relations in GDM are the consistency 2, 10, 14, 28, 29, 51, 72 and the compatibility degree. 2, 6, 37, 38, 42 The lack of consistency in GDM with preference relations can lead to inconsistent conclusions. 10 The lack of acceptable compatibility can result in unsatisfied decision making with preference relations because of that there is significant difference among the preference relations provided by experts in GDM. 6 Recently, a lot of developments have appeared about the consistency and the compatibility in GDM with different types of preference relations. 2, 6, 10, 37, 38, 42, 51 In order to aggregate experts' preference relations, Yager 57 introduced the ordered weighted averaging (OWA) operator, which provides a parameterized family of aggregation operators that includes the maximum, the minimum and the average criteria. Since its appearance, the OWA operator has been studied in a wide range of applications and extensions. 1, 7, [15] [16] [17] [18] 20, [23] [24] [25] [26] [32] [33] [34] [35] [36] 40, 43, 44, 46, 50, 52, 53, 56, 58, 60, 62, 63, [65] [66] [67] [68] [69] [70] [71] 73, [75] [76] [77] [78] In Ref. 61, Yager and Filev developed an extension to the OWA operator called the induced ordered weighted averaging (IOWA) operator in which the reordering step is not developed with the values of the arguments but their associated order inducing variables. In the last years, the IOWA operator has been receiving increasing attention 8, 19, [21] [22] [23] 25, 27, 30, 34, 38, 46, 55, 56, 58 Another interesting extension of the OWA operator is the continuous ordered weighted averaging (COWA) operator 59 by considering the situation where all the arguments to be aggregated are the interval values. In the last few years, the COWA operator has been investigated in a wide range of generalizations and applications. [3] [4] [5] [37] [38] [39] 47, 64, 74, 79 consensus indicator ICOWA (CI-ICOWA) operator and the compatibility degree ICOWA (CD-ICOWA) operator. To do that, we first define the consensus indicator (CI) for the interval fuzzy preference relations and develop the CI-ICOWA operator. Then, we introduce the compatibility degree (CD) for the interval fuzzy preference relations based on the COWA operator. Accordingly, the CD-ICOWA operator is presented and some desirable properties are studied including the property that the synthetic preference relation determined by the CD-ICOWA operator can guarantee that the compatibility degree is at least as good as the arithmetic mean of all the individual compatibility degrees. Furthermore, a nonlinear model to determine experts' weights based on the criterion of minimizing the compatibility degree. Finally, the CI-ICOWA operator and the CD-ICOWA operator are applied to group decision making with interval fuzzy preference relations to show the feasibility and effectiveness of the new approaches.
In order to do so, this paper is organized as follows. In Sec. 2, we briefly review some basic concepts. Section 3 presents the CI-ICOWA operator and the CD-ICOWA operator, then approaches based on the new operators for GDM problems with interval fuzzy preference relations are developed. In Sec. 4, an illustrative example of the new approaches focuses on the evaluation of university. Finally, in Sec. 5, we summarize the main conclusions of the paper.
Preliminaries
In this section, we briefly review the interval fuzzy preference relation, the OWA operator, the IOWA operator, the COWA operator and the ICOWA operator.
Interval fuzzy preference relation
Interval fuzzy preference relation is a useful tool to describe experts' preferences over objects in group decision making under uncertainty, which can be defined as follows: 
then the interval fuzzy preference relation A is consistent. Note that for convenience, throughout this paper, all the interval arguments are nonnegative interval numbers and let Ω be the set of all nonnegative interval arguments and n Ω be the set of all n n × interval fuzzy preference relations. 
where j b is the jth largest of the arguments 1 
where [ , ] L U a a a = ∈ Ω , the BUM function : 
As we can see, the COWA operator ( ) 
Some ICOWA Operators to Aggregate Interval Fuzzy Preference Relations
How to find a group consensus or compatibility to represent a common opinion of the group is an important issue in GDM with interval fuzzy preference relations. In this section, we will develop the CI-ICOWA operator and the CD-ICOWA operator based on the consensus indicator and the compatibility degree, respectively.
The CI-ICOWA operator

Herrera-Viedma et al.
14 gave a characterization of the consistency property defined by the additive transitivity property of the fuzzy preference relation. They proved the following theorem:
which is equivalent to the following equation
With Theorem 1, Chiclana et al. 9 gave a procedure to construct a consistent fuzzy preference relation from a non-consistent fuzzy preference relation. Assume that a set of 1 n − preference data of fuzzy preference relations 12 23 ( 1) , , , n n r r r − ⋯ is given, let
, 1 
and Q is the BUM function. Based on Eq. (5), Eqs. (10) and (11) can be rewritten as
It is obvious that by Definition 6, the continuous fuzzy preference relation related to A is fuzzy preference relation. Let 1 2 { , , , } m E e e e = ⋯ be a finite set of experts and
∈ Ω be the interval preference relation provided by expert k e and
be the continuous fuzzy preference relation related to 
we call
CI the consensus indicator of the interval fuzzy preference relations
As we can see, the closer ( ) k CI is to 1, the more consistent and reliable the information provided by the k th expert is. Then the consensus indicator ( ) k CI can reflect the importance degree of the k th expert. As a result, we can construct the weight k w of k th expert as follows: 
Based on Definition 7, Definition 8 and Eq. (15), we can define the consensus indicator ICOWA (CI-ICOWA) operator as follows:
be the continuous fuzzy preference relation related to
Then the synthetic preference relation ( ) ij n n A a × = of all experts can be defined by the CI-ICOWA operator as follows:
( )
where ( )
( ) k CI is the consensus indicator of the interval fuzzy preference relations ( (1), (2) 
By Eq. (17), we have that
Thus, ( ) ij n n A a × = is a fuzzy preference relation, which completes the theorem.
be the continuous fuzzy preference relation related to Proof. For all , , i j l , by Eq. (2), we obtain that
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Then we get that
) (
Thus, ( ) ij n n A a × = ɶ ɶ is consistent, which completes the theorem. Step 1: Utilize the Eq. (13) to calculate the consensus indicator of k e :
Step 2: Utilize Eqs. (15), (17) and (18) to obtain the synthetic preference relation ( ) ij n n A a × = based on the CI-ICOWA operator.
Step 3: Calculate the expected value i a of preference degree of the alternative i x to all the alternatives by the arithmetic average:
Step 4: Rank the expected value i a ( 1, 2, , i n = ⋯ ) in descending order.
Step 5: Rank all the alternatives i x ( 1, 2, , i n = ⋯ ) and select the best one(s) in accordance with the expected value i a ( 1, 2, , i n = ⋯ ).
Step 6: End.
The CD-ICOWA operator
The compatibility degree is an important problem in GDM with preference relations. The lack of acceptable compatibility can result in unsatisfied decision making with preference relations because of that there is significant difference among the preference relations provided by experts in GDM 6 . In this section, we will propose a new ICOWA operator called the compatibility degree ICOWA (CD-ICOWA) operator for the interval fuzzy preference relations.
Definition 10. Let ( ) ij n n n
A a × = ∈ Ω and ( ) ij n n n B b × = ∈ Ω be two interval fuzzy preference relations, then
is called the compatibility degree of A and B , where
As we can see, the compatibility degree of interval fuzzy preference relations A and B is the sum of compatibility degree of all the corresponding elements from A and B, which reflects the total difference between A and B. Based on Definitions 10 and 11, we proved the following theorem easily: 
Definition 12. Let ( ) ij n n n
A a × = ∈ Ω and ( ) ij n n n
then A and B are of acceptable compatibility, where α is the threshold of acceptable compatibility.
As illustrated in Refs. 6 and 42, we can take 0.1 α = as the threshold of acceptable compatibility.
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Now, we can develop the compatibility degree ICOWA (CD-ICOWA) operator which uses the compatibility degree (CD) variable as the order inducing variable in the ICOWA operator. ( )
where ( ) 
The equalities hold if and only if 1 2 n
where ( ) ij n n A a × = is the synthetic preference relation defined by the CD-ICOWA operator, and α is the threshold of acceptable compatibility.
Proof. By Eqs. (21) and (24), and with Lemma 1, we have that
□
It can be seen from Theorem 6 that the synthetic preference relation determined by the CD-ICOWA operator can guarantee that the compatibility degree is at least as good as the arithmetic mean of all the individual compatibility degrees.
where ( ) ij n n A a × = is the synthetic preference relation determined by the CD-ICOWA operator, and α is the threshold of acceptable compatibility.
As we can see, if ( ) k
A and B are of acceptable compatibility, then the synthetic preference relation and B is also acceptable compatibility.
Corollary 2. Let
where ( ) ij n n A a × = is the synthetic preference relation defined by the CD-ICOWA operator.
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To determine the weights of experts based on the CD-ICOWA operator with interval fuzzy preference relations
It is obvious that the less compatibility index of interval fuzzy preference relations given by the expert k e , the more reliable information provided by k e . As a result, we can minimize the compatibility index of the synthetic preference relation A and the ideal interval fuzzy preference relation B to determine the weights of experts. For the convenience of calculation, we use the square sum instead of absolute values in compatibility degree of A and B . Therefore, the compatibility degree of A and B can be expressed as follows:
And let , we get
Therefore, we obtain the following optimal model to determine experts' weights:
Note that the model (35) is nonlinear and can be solved by using Matlab or LINGO software package.
An approach based on the CD-ICOWA operator for GDM problems with interval fuzzy preference relations
Consider a GDM problem. Let
, , , n X x x x = ⋯ be a set of finite alternatives and Step 1: Utilize the model (21) to calculate the compatibility degree of k e :
Step 2: Utilize the model Eq. (35) to determine the optimal weights of experts:
Step 3: Utilize Eq. (23) to obtain the synthetic preference relation ( ) ij n n A a × = based on the CD-ICOWA operator.
Step 4: Calculate the expected value i a of preference degree of the alternative i x to all the alternatives by the arithmetic average.
Step 5: Rank the expected value i a ( 1, 2, , i n = ⋯ ) in descending order.
Step 6: Rank all the alternatives i x ( 1, 2, , i n = ⋯ ) and select the best one(s) in accordance with the expected value i a ( 1, 2, , i n = ⋯ ).
Step 7: End.
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Illustrative Example
In this section, we will use the CI-ICOWA operator and the CD-ICOWA operator to construct two approaches to rank the four schools of a university with the interval fuzzy preference relations (adapted from Ref. 42) . Let 
With this information, we can use the CI-ICOWA operator and the CD-ICOWA operator to get the ranking of the alternatives.
The approach based on the CI-ICOWA operator
The approach based on the CI-ICOWA operator involves the following steps:
Step 1: Utilize the Eq. (13) to calculate the consensus indicator of k e : (1) 0.8958
0.9021
0.9229
0.8688 CI = .
Step 2: Utilize the model Eq. (15) to determine the weights of experts:
(0.2496, 0.2513, 0.2571, 0.2420) T w = .
Step 3: Utilize Eqs. (15), (17) and (18) 
Step 4: Calculate the expected value i a of preference degree of the alternative i x to all the alternatives by the arithmetic average and obtain: Step 4: Rank the expected value i a ( 1, 2,3, 4 i = ) in descending order:
a a a a > > > .
Step 5: Rank all the alternatives i x : Table 1 . We can establish an ordering of the schools for each value of λ . The results are shown in Table 2 . Note that " ≻ " means "preferred to". As we can see, depending on the particular cases of the attitudinal character λ used, the ordering of the schools is different, thus leading to different decisions. However, it seems that 1 x is the best choice when 0.7 λ ≤ , and 4 x sometimes is also the best one.
The approach based on the CD-ICOWA operator
Suppose that there is another decision maker who is a leading decision maker. The interval fuzzy preference relation B is given by the leading decision maker. It is listed as follows:
[ 
Similarly, we assume that
The approach based on the CD-ICOWA operator involves the following steps:
Step 1: Utilize the model (21) to calculate the compatibility degree of k e : (1) ( , ) 0.0333
Step 2: Utilize the model Eq. 
Step 4: Calculate the expected value i a of preference degree of the alternative i x to all the alternatives and obtain Step 5: Rank the expected value i a ( 1, 2,3, 4 i = ) in descending order:
Step 6: Rank all the alternatives i x : Table 3 . Table 3 . Aggregation results with different attitudinal character λ .
Similarly, we can establish an ordering of the schools for each value of λ . The results are shown in Table 4 . Note that " ≻ " means "preferred to" and " ∼ " means "equivalent to".
It is obvious that depending on the particular cases of the attitudinal character λ used, the ordering of the schools is different, but the decisions are the same. 
Concluding Remarks
In this paper, we have defined the concepts of consensus indicator and the compatibility degree for interval fuzzy preference relations. Then we have studied some ICOWA operators including the CI-ICOWA operator and the CD-ICOWA operator which are suitable to aggregate interval fuzzy preference relations in GDM. The CI-ICOWA operator and the CD-ICOWA operator use the consensus indicator and the compatibility degree as the order inducing variables in the ICOWA operator, respectively. The main novelty of the CI-ICOWA operator is that it aggregates individual preference relation based on the individual consensus indicator which can reflect the importance degree of each decision maker. The main advantage of the CD-ICOWA operator is that it aggregates individual preference relation is such a way that more importance is placed on the most compatibility one. We also have investigated some desirable properties of the new operators including the property that the CD-ICOWA guarantees that the group compatibility degree is at least as good as the arithmetic mean of all the individual compatibility degrees, and the property that the synthetic preference relation is of acceptable compatibility under the condition that interval fuzzy preference relations given by decision makers are all of acceptable compatibility with a specific preference relation. Then we have developed some models to determine the weights of experts in GDM. Finally, an illustrative example has shown the feasibility and effectiveness of the new approaches. In the future, we will further develop these cases of ICOWA operator to the GDM with incomplete interval fuzzy preference relations.
